arXiv:1503.03604vl [math.NT] 12 Mar 2015 


STRUCTURE OF Gal(k^^Vlli) FOR SOME FIELDS 

k = Q(V2™G) WITH C/2(k) ~ (2,2,2) 


ABDELMALEK AZIZI, ABDELKADER ZEKHNINI, AND MOHAMMED TAOUS 


Abstract. Let pi = p 2 = 5 (mod 8) be different primes. Put i = a-nd 
d = 2 pip 2 , then the bicyclic biquadratic field k = Q(\/d,i) has an elementary 
abelian 2-class group of rank 3. In this paper we determine the nilpotency 
class, the coclass, the generators and the structure of the non-abelian Galois 
group Gal(k 2 ^V]^) of the second Hilbert 2-class field kj^^ of k. We study the 
capitulation problem of the 2-classes of k in its seven unramified quadratic 
extensions Ki and in its seven unramified bicyclic biquadratic extensions Li. 


1. Introduction 

Let k be an algebraic number field and Cl 2 {k) be its 2-class group i.e. the Sylow 
2-subgroup of the ideal class group, Cl{k), of k. Denote by k^^ the Hilbert 2-class 
field of k and by /c® its second Hilbert 2-class field. Put G = Gal{k^^/k) and let G' 
denote its derived group, then it is well known that CjG' Cl 2 {k). The knowledge 
of G, its structure and its generators solves a lot of problems in number theory as 
capitulation problems, the finiteness or not of the towers of number fields and the 
structures of the 2-class groups of the unramified extensions of k within k^\ For 
particular types of fields k, for example, fields with Gl 2 {k) ~ (2,2), the structure 
of G has been completely determined (see m)- The success in this case is in part 
due to the fact that, contrary to most other cases, 2-groups whose abelianization 
is (2,2) are well understood, cf. [H] and [14] . 

If one considers another case, namely where k = Q(\/d, i) and Gl 2 {k) ~ (2, 2, 2), 
for some square-free integer d, then the situation is very different and very difficult 
when compared with the case described above; moreover there is no known way (to 
our knowledge) to determine the structure of G. Our aim in the present paper is 
to determine the isomorphism types of the second 2-class group of certain number 
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fields k = Q{'/d, i), to give the structure and generators of G and we will explicitly 
determine ker /k j the kernel of the natural class extension homomorphism /k ■ 
Cl{k) —)• Cl{K), where K is an unramified extension of k within k^\ It should be 
noted that the determination of kei j^/k is not always easy to do, especially when 
K = k{\/a + l)^y^T) OT K = k{\/a + a' + h'^—1), with some positive 

integers a, 6, a' and h'. 

Let m be a square-free integer and iL be a number field. Throughout this paper, 
we adopt the following notations; 

• h{m), (resp. h{K)): the 2-class number of Q{^/rn) (resp. K). 

• Ok- the ring of integers of K. 

• Ek- the unit group of Ok- 

• Wk- the group of roots of unity contained in K. 

• ojk'- the order of Wk- 

• K^: the maximal real subfield of K, if it is a CM-field. 

• Qk = [Ek '- WkEk-^] is Hasse’s unit index, if iL is a CM-field. 

. q{K/q) = [Ek : Ut Ek^] i the unit index of K, if K is multiquadratic, 
where ki are the quadratic subfields of K. 

• the genus field of K. 

• Cl 2 {K): the 2-class group of K. 

• Em- the fundamental unit of Q(y/m). 

• i = 

• FSU: denotes a fundamental system of units. 

2. Main results 

Let Pi = p2 = 5 (mod 8) be different primes, then there exist some positive 
integers e, f, g and h such that pi = -|- 4 /^ and p2 = g'^ + Ah?. Let pi = 7ri7r2 and 

P2 = '^3714, where tti = e+Aif and 712 = e—Aif (resp. 773 = g+Aih and 774 = g—Aih) 
are conjugate prime elements in the cyclotomic field k = Q(i) dividingpi (resp. P2)- 
Denote by k the imaginary bicyclic biquadratic field Q{Vd,i), where d = 2pip2, 
its three quadratic subfields are k = Q{i), ko = Q{Vd) and /cq = QW—d)- Let 
lk2^^ be the Hilbert 2 -class field of k, k^^^ its second Hilbert 2 -class field and G be 
the Galois group of k^ /k. According to [ 5 ] , k has an elementary abelian 2 -class 
group C/2(k) of rank 3 , that is, of type ( 2 , 2 , 2 ). In an earlier paper [ 3 ] we have 
proved that the 2 -class field tower of k has length 2, the order of G is greater 
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than or equal to 64 , we have given necessary and sufficient conditions to have G 
of order 64 and we have shown that if K is an unramihed quadratic extension of k 
other than IKs = k(\/ 2 ), then C/2(IK) is of type ( 2 , 4 ) or ( 2 , 2 , 2 ). In this paper we 
complete this study by determining the structure of G, the abelian type invariants 
of the 2-class groups of all the unramihed extensions of k within k^^^ and the kernel 
of the natural class extension homomorphism ^ Ghi^) —> C/2(lt^), where K 
is an unramihed extension of k within k^^^ The main results of this paper are 
Theorems [2] and [ 3 ] below; whereas Theorem [T] is proved in and m- 

2 . 1 . Unramified extensions of k. The hrst and the second assertions of the 
following theorem hold according to m and [ 5 ] respectively, the others are shown 

in [2]. 

Theorem 1. Letpi, p2 he as above. 

( 1 ) The 2 -class groups of ko, ko are of type ( 2 , 2 ). 

( 2 ) The 2 -class group, C/2(k), o/k is of type ( 2 , 2 , 2 ). 

( 3 ) The discriminant o/k is: disc{h.) = disc{k).disc{ko).disc{kQ) = 2 ^p\p 2 . 

( 4 ) k has seven unramified quadratic extensions within its Hilbert 2 -class field 
k2^\ They are given by: 

Ki = k(,y^), K 2 = ^{y/p2), IK 3 = Ik(\/2), 

IK4 = k(^7ri7r3), Ks = Ke = k(y'7f^) and IK7 = k(yTr^). 

( 5 ) Ki, IEC2, Ka are intermediate fields between k and its genus field k^*). The 
fields K4 ~ K7 and IKs ~ Kg are pairwise conjugate and thus isomorphic. 
Consequently Ki, K.2, K3 are absolutely abelian, whereas 11^4, K.5, Kg, K7 are 
non-normal over Q. 

(6) k has seven unramified hicyclic biquadratic extensions within its Hilbert 2 - 
class field k^^^. One of them is 

Li = K1.K2.K3 = k(*) = Q(Vm, v^), 

the absolute genus field of k and the others are given by: 

~ K1.K4.Kg, L3 = K1.K5.K7, IL4 = K2.K4.K5 and L5 = K2.Kg.K7 
are non-normal over Q; moreover L2 — L3 and L4 ~ L5. 

Lg = K3.K4.K7 and L7 = K3.K5.K5 are absolutely Galois. 
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2.2. Structure of G = Gal(Ik 2 ^Vl^)- Let Hq (resp. Hi, 'H2) denote the prime 
ideal of Ik lying above 1 + i (resp. tti, 712)- Write q = /Q) for simplicity. 


Theorem 2. Keep the preeeding assumptions. Then 

(1) a2(h) = ([i^o],[^i],[^2])^ (2,2,2). 


(2) C/ 2 (IC 3 ) is of type 


(2-,2-+i) ifq = l, 

j'2niiLi(m,n+l) 2^ma.x(m^l,n-\-2)'j g = 2 

where n and m are determined by = h{—pip 2 ), m > 2, and 2 "' = 

h{pip 2 ), n > 1; and either n > 3 or m > 3. 

(3) The length of the 2-class field tower o/k is 2. 

(4) G = Ga/(]k 2 ^VL^) given by: 

(i) If q = 1, then 

/ 4 2"* 2"+i 1 2 ; r 1 1 

G = { p,T,a : p = a = r = 1, p = V’, [r, crj = 1, 

[p, fj] = cr^, {p,t\ =r^ ), where 


= 


^ if (^) = 1 and N{sp^p^) = 1, 


r a 


if (^) = -1 or (^) = 1 and N{ep^pfi) = -1. 


^P 2 


^n-\-2 eym on + 1 

= r = 1, cj = r 


(ii) If q = 2 , then 
G = ( p,T, a : p'^ = 

p2 = r2V2™-\[r,a] = l, [p,a]=a-2, [p,r]=r2). 

(5) The derived group of G is G' = ((T^,r^) and C^2(Ik2^^) is of type 
( ( 2 - 1 , 2 -) tfq = l, 

I ^2Lnin(m,n+l) —1 1 ^ ^2 if Q 2 

(6) The eoclass of G is 3 and its nilpoteney elass is 

{ max(n, m — 1) + 1 if q = 1 , 
max(n + 1, m) + 1 if q = 2 . 


2.3. Abelian type invariants and capitnlation kernels. Let Nj denote the 
subgroup Ajj^y]](^(C^ 2 (lKj)) of C/ 2 (Ik) and kk denote the kernel of the natural class 
extension homomorphism : CZ 2 (lk) —)■ C/ 2 (IK), where K is an unramified 

extension of Ik within . 


Theorem 3. Let 2- = h{pip2), 2^~^^ 


h{—pip2), where n > 1 and m>2. 


Aifq = l, 
2 ifq = 2 . 


(1) #ak, = 4, for all j 3. If f = 3, then #kk 3 
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(2) All the extensions Kj satisfy Taussky’s condition (j 4 ) i.e. H A/j- > 1, 

for details see m- 

( 3 ) The order of is 8 (total 2 -capitulation), for all j, andhj are of type (A). 

( 4 ) The abelian type invariants of the 2 -class groups Chi^j) are given by: 



(2,2,2) ^f (a 


(i) C/2 (Ki) ~ Cl2{K2) 


( 2 , 4 ) otherwise. 


(ii) If (^) = 1 , then ChiKi), ChiK^), C^iKe) and ChiKj) are of 
type ( 2 , 2 , 2 ) if i^) = — 1 , and of type ( 2 , 4 ) otherwise. 

(iii) Assume (^) = — 1 . 



( 5 ) The abelian type invariants of the 2 -class groups C/2(ILj) are given by: 



(ii) If (|) = -1 or (|) = (f|) = 1 , then ChiU), CI2OL3), ChiU) 
and C/2(IL'5) are of type ( 2 , 4 ). 

V (^) = -(§) = 1 , then CI2OL2), CI2OL3), ChiU) and ChiU) 
are of type (2, 2, 2). 

(iii) (a) Assume q = 2, so C/2(L6) and C/2(L7) are of type (2,2""+^) if 


(^) = 1, otherwise we have: 

\p2' ’ 



(b) Assume q = 1 . 




Chil^e) ~ 

Cl2{hr) ~ (2™-\2’^+i). 


imaxi 


3 . Preliminary results 

Let pi, p2 be different primes satisfying the conditions mentioned at the begin¬ 
ning of § 2 , and set ki = Qiy/Wfm), h = Q{^/-PlP2)■ Put 62^1^2 = x + y^/2pip2 
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cincl ^pip2 
prime p. 


a + by/pip2. Let 



denote the quadratic Hilbert symbol for the 


Lemma 1. Let denote the fundamental unit of kQ. Then 

(i) N{ed) = - 1 . 

(ii) If N = 1, then 2 pi(a± 1 ) (i.e. 2p2{a^ 1)) is a square in IN. 

Proof, (i) See [ 5 ]. 

(ii) As N{£p^p^) = 1 , so = 1 and - 1 = b‘^pip2, so: 

(a) If a ± 1 is a square in IN, then = ~ 1 ) which is false. 

(b) If pi{a ± 1 ) is a square in M, then ~ which is absurd. And 

the result derived. □ 

Lemma 2. If (a) = 1 , then = (f|). 

Proof. From [Hj we get ^ = (^^)) where + 6^ and p 2 = 

(? + d?] on the other hand, according to [H] we have (^ ^c+bd ^ ~ (^)’ 
implies the result. □ 

Lemma 3. Put k = Q{^/2plP2, i) and K 3 = Q(\/2, y/piP 2 , i)- Then 

( 1 ) {£2pip2} is a FSU oft. 

( 2 ) If N{£p^p^) = l or Nisp^p^) = -1 and ^ 

(i) {£ 2 ) epip2) ^2pip2} a FSU of both andK^. 

(ii) q = l, qfKs/Q) = 2 and hfKs) = h{pip 2 )h{-pip 2 ). 

( 3 ) If N{ep^p^) = -1 and G then 

(i) {£ 2 , epip2> V^2epip2^2pip2} is a FS\J of both andK^. 

(ii) q = 2, ^(Ka/Q) = 4 and hfKs) = 2h{pip2)h{-pip2). 

Proof. ( 1 ) As A^(£2pip2) = ~ 1 ) so if A^(£pip2) = —1 we get, according to [H Appli¬ 
cations 1 ), p.ll 4 ], that {£2pip2} is a FSU of k. 

( 2 ) Assume that N{£p^p.^) = 1 . As N{£2) = A^(£2pip2) = so £2, £2pxp2i 
£2£pip2J £2£2pip2) £pip2^2pip2 aiid £2£pip2£2pip2 are not squares in IKg", else by taking 
a suitable norm we get i E which is false. Furthermore (2 + \/ 2 )£ 2 £pip 2 £ 2 pip 2 
can not be a square in ]K^, for all i, j and k in { 0 , 1 }, as otherwise with some a E 
we would have = (2 + \/2)£^£^ip2£^pjp2’ (^ik+/(Q(v 1 ^)(«))^ = 2(-l)*+''£p(p2, 

yielding that y/2 E Q.{y/PiP 2 ), which is absurd. 
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Put ^pip2 — u ~t“ ^'\/PiP2 ; 2 ^]^ (tt ih is u SQUcirc in IN, thus -y/ ^^p-ip2 = bl^/^+ 

b 2 \/ 2 p 2 , where bi G Z; so a square in hence {£2,^pip2^^2pip2} is a 

FSU of Kj]", which implies that q = 1 - Thus from [H Proposition 3 , p.ll 2 ] we get 
{£2, epip2) £piP2ij} is a- FSU of K3, we infer that ^(Ks/Q) = 2 , since Vi G IK3. 

If N{ep^p^) = — 1 , then the results are guaranteed by [U Propositions 8, 15 ]. In the 
end, under our conditions, P.Kaplan states in m that h{ 2 pip 2 ) = h{— 2 pip 2 ) = 4 , 
therefore the class number formula yields that /i(]K^) = h{pip2) and h{M.s) = 
/i(pip2)/i(-PiP2)- 

( 3 ) If N{sp^p2) = —1 and y^eiCpIp^eipIp^ ^ then the results are also deduced 
from [TJ Propositions 8, 15 ] and the class number formula implies ( 3 )(ni). □ 


Lemma 4. Let kks denote the set of classes of Cl2{^) that capitulate in 1K3, then 
^{{[no])ifq = 2, 

1 (['^0]) [^1^2]) ifq = ^- 


Proof. From Lemma[ 3 ]we get = (i,£2pip2) and Eks = (v^,£2,epip2,£2pip2) or 
Ek 3 = { Vi , £2,£pip2, V£2£pip2£piP2<?)> according as g = 1 or 2. Therefore A^K3/]k(-EK3) 
(be2pip2) (b£2pip2), thus 


[Ek ■ ^K 3 /Ik(-®K 3 )] 


2, if(? = l, 
1, if g = 2; 


hence #kk3 


4 , if g = 1 , 
2, if g = 2. 


Moreover, it is easy to see that ^(1 + i ) e2 = ^(2 + (1 + i ) V 2 ), so there exists 
/3 G 1^3 such that "Hq = (1 + ^) = (/ 3 ^), this implies that PLo capitulates in K3. 
Consequently, ii q = 2, then KK3 = (["^o])- 

Suppose q = 1 , then we have two cases to discuss: 

(a) If A^(epip2) = 1 , then by Lemma [H we get V^VnV = hVWi + hV^P^, 
where b = 26162, from which we deduce that 2piep^p2 is a square in 1K3, thus there 
exists a G K3 such that ( 2 pi) = (a^). On the other hand, {'Hi'H2)^ = (pi) and 
(2) = {2i) = (1 + z)^, hence 'H1H2 = (1^), which implies that 'Hi'H2 capitulates 
in K3. 

(b) IfiV(ep,p2) = -l, then there exist an even integer a and an odd integer 6 such 
that £pip2 = a + byjpip2 , so + 1 = b‘^piP2, since piP2 = 1 (mod 8). Therefore: 

a =F * = *6f7ri7r4, 

a ± z = —z6|7r27r3. 


a =F * = ^fti'Ti7r3, 

a ± z = —z6|7r27r4. 


or 
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hence + ^2^^ or 1 

■\/^ pip 2 — “ 1 “ ^2 \/'^2 '^ 3 ) J 

where Z2 is the conjugate of zi in ^Z[z]. 

Similarly, as N{e2pip2) — so there exist x, ?/ in IN such that x^ + 1 = 2pip2y‘^, 
and 

V^2pip2 =yi\/(l + i)7ri7r3 + y2'\/(l -0^27r4), or ' 

V^2pip2 =yi\/(l + i)7ri7r4 + y2A/(l -0^27r3), or 

( 2 ) 

^/2£2pip2 = yi\/(l + i)7ri7r3 + ?/2\/(1 - *)7r2vr4), or 

^/2£2p^P2 =yi\/(l + i) 7 ri 7 r 3 + ?/ 2 \/(l - 0 ^ 2 vr 4 ), 
where are in Z[i] or ^Z[i]. 

Finally, Note that: 

= vTTI + a/T^. ( 3 ) 

So by multiplying the equalities ©, © and ([ 3 |) we get 

y'£i£2£z = a + ^\/2 + j^/piP2 + 6y/2pip2 G Q(a/ 2 , ^piP2) or 
^£i£ 2£3, = a^/Pl + Py/m + iV^ + 0 Q(\/2, y/PlP2), 

where a, / 3 , 7 and 5 are in Q. 

As g = 1 , so £2£pip2£pip2q i® riot a square in Kg", hence Pie2epip2^pip2g i® ^ square 
in Ks; which yields that 'H1H2 capitulates in 1^3. Thus KK3 = ([’^o]; \HiT~i2\)- ^ 


Proposition 1 ([!]). Let pi = p2 = 1 (mod 4 ) be different primes such that 


2 \ 


2 \ 


- = - = ->■ Then 

Pi J \P2 J \P2 


Pi 




A 


2pi \ / _ f'jn 


P2 


Pi J A 


TTS 


1 + A f 1 + i 


TTi 


TTS 


Proposition 2 ([!]). Let pi = p2 = 1 (mod 4 ) he different primes such that 


-) = 

PiJ 


-) = 

P 2 J 


= — 1 . Then the following assertions are equivalent: 


(1) £2£pip2£2pip2 i-s o square in IK^. 



( 3 ) (z(K+/Q) = 2 . 


The following results are deduced from [ 9 ]. 

Theorem 4. Letpi = p2 ^ 5 (mod 8) be different primes and put Fi = Q{ffpiP2, i)- 
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( 1 ) 012(^1) is of type ( 2 , 2 ™), m > 2 . It is generated by 1 = { 2,1 + y/—piP2), 
the prime ideal of ki above 2 , and an ideal I of ki of order 2 ™. Moreover 

' ~ Pi V = '• 


P ~ 2pi if 

P 2 


= - 1 : 




where pi = [pi, y/—piP2) is the prime ideal of ki above pi. 

(2) Cl2{ki) is of type (2"'), n > 1, and it is generated by 2i, a prime ideal of ki 
above 2 . 

( 3 ) d2{Fi) is of 2 -rank equal to 2 . It is generated by I and ipi, where is a 
prime ideal of Fi above 2 . 

( 4 ) If (g) = - 1 , then ChiFi) ~ (2-,2™); and, in C^Fi), I 

pi / 1. 

( 5 ) If (^) = 1 and N{ep^p^) = -1, then 

Cl 2 {Fi) ^ 

and ^ ~ 2^" ~ pi 91^ 1. 

(6) If = 1 and N{ep^p^) = 1 , then Cl2{Fi) ~ ( 2 ”'+^, 2 ™“^); moreover 

-El 


-rOm —1 on+l ^ 

I ^ 2.p ~ pi ~ 1. 


Using the above theorem, we prove the following lemma. 

Lemma 5. Let piOui = F1F2 and P2OF1 = then in Cl2{Fi) we have: 


~ 2 


in —1 


El 


Pj2 


(i) If (^) = -1 or = 1 and N{ep^p^) = -1, then Vi 

(ii) If (^) = 1 and N{£p^p^) = 1, then Vi ~ or Vi ~ 

Moreover ViVs 

Proof Let PiC>Q(i) = Ei7r2, P20Q(i) = ^3714, piO^i = F1V2 and p2C>Ui = F3V4., 
where p2 is the prime ideal of ki above p2, then (vTi) = Vf, for all i. So, according 
to O Proposition 1 ], Vi are not principals in Fi and they are of order two. On the 
other hand, as the 2-rank of 0/2(4^!) is 2, thus Vi G ([2_Fi], [I])- 

(i) In this case, we have pi ^ 1 , hence Vi 9^ V2] note that the elements of 
order two in C/2(P"i) are Pp^ ^ ^ j2"* Therefore 

Vi is equivalent to one of these three elements. As Vi ~ 2^ ~ P"" ^ can not 
occur, if not we would have, by applying the norm Np^j-^^, pi ~ P'^ ~ 1, which 
is false. Thus Vi ~ P^-^ and V2 ~ ~ and 
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V2 ~ ^ ^. Hence with out loss of generality we can choose Vi ~ ^ ^. 

(ii) In this case, we have pi ~ p2 ~ Ij hence Vi ~ P2 and P3 ~ P4. On the 
other hand, according to O Proposition 1 ], ViP^ is not principal in Fi. To this 
end, note that the elements of order two in d2{Fi) are and 

Therefore Vi is equivalent to one of these three elements. As Vi ~ z^T can not 
occur, as otherwise, by applying the norm we get pi ~ 2?^ ~ 1, which is 

false. Thus Vi ~ and ~ ~ P3 ~ 

Hence V1P2, ~ z^T. □ 


We conclude this section with the following lemma which gives the relationship 
between the unit index q and the integers n and m. It is a consequence of Lemma 
[ 3 l Proposition [2] and the results in [6] , [T 7 j . 


Lemma 6. ( 1 ) Suppose q = 1 , so 

(i) If = — 1 , then n = 1 and m> 3 . 

(ii) If (^) = 1; then 

(a) If = - 1 ^ then n = l and m> 3 . 

(b) If = 1 , then m = 2 and n > 2 . 

(2) Suppose q = 2, so 

(i) If = — 1 ? then n = 1 and m = 2 . 

(ii) If = 1 ; then m = 2 and n> 2 . 

4 . Proofs of the main results 


Recall first the following result from | 12 l p. 205 ]. 


Lemma 7 . If H is an unramified ideal in some extension K/k = k(-y/x)/k, then 
the quadratic residue symbol is given by the Artin symbol ip = as follows: 

(#) = 


4 . 1 . Proof of Theorem[ 2 l ( 1 ) The assertion C/2(k) = ([T^o]; [^ij; [^2]) — ( 2 , 2 , 2 ) 
of Theorem [ 2 ] is proved in [ 5 ] and [ 3 ]. In the following pages we will prove the other 
assertions. 

( 2 ) To prove the second assertion we will use the techniques that F. Lemmermeyer 
has used in some of his works see for example [S] or m- Consider the following 
diagram 
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Fl = Q{y/PlP 2 , i) 




K3 = Q(V2, ^/piP 2 , i) 


Q{i) 


Ik = Q{^/ 2 plP 2 ,i) 




F2 = Q(\/ 2 ,i) 


Figure 1 . Subfields of K3/Q(i) 


Compute first Njf^^/j^^(Cl2(K3)). Recall that 


N^^/^iChiKs)) = m G C/2(Ik)/ = 1}. 


As Til and ^2 are unramified in K.3/lk = lk(\/ 2 )/lk = Ik(^pip2)/Ik, so Lemma [ 7 ] 


yields that = (A) = (1) (L) . 1 . On the other hand. 2 

ramifies completely in k/Q and splits in F"i/Q; moreover T-Lq is unramified in ]K3/]k, 
then T-Lq splits in K3 i.e. T-Lq G iVK3/iij.(C/2(lK3))- Thus 




To this end, it is easy to see that ]K3/Fi and 1K3/F2 are ramified extensions, 
whereas ]K3/lk is not; so from the class field theory [C/2(Ik) : iVjj3/]i^(C/2(K3))] = 2, 
Cl2{F2) = A^K3/F2(C/2(K3)) and ChiFi) = N^^,p^{Cl2{^^)), hence Theorem S 
implies that 

iVK3/Fd(C/2(K3)) = (K],[/]). 

Then there exists an ideal ^ G 1K3 such that r\j I and A'K3/ik(V) ^ 

{[T-Lo],['Hi'H2])- One shows that AK3/ik;(^) ~ T-LiH2 (see Lemma [8] below). We 


claim that 



Let t and s be the elements of order 2 of Gal(]K3/Q(z)) which fix Fi and k, respec¬ 


tively. Using the identity 2 -|- (1 -|- t -|- s -|- fs) = (1 + t) -|- (1 + s) + (1 + fs) of the 
group ring Z[Gal(]IC.3/Q(f))] and observing that the class numbers of Q(f), F2 are 
odd, we find that 


~ ^ 'H1H2F 
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As 'H1H2 ~ 1 , in C/2(IK3), if g = 1 (see Lemmall]), so the result claimed. Moreover 
piO]k = so Lemma m yields that in C/2(IK3) we have 

r ^2- ^ /2—1 ^ p, ^ 1, if g = 1, 

I ^32- _ J2-1 ifq = 2 . 

On the other hand, ramifies and ^0 splits in Ks, let 21 be an ideal of IK3 above 
iFi, then A]K 3 /ik( 2 t) ~ 'Ho and Ak 3 /p'^( 21 ) ~ ijPi- Thus, in 012(1^3), we have 

21^ ~ 2^3 and 212"+^ ~ 

Recall that Hj and Vj coincide and remain inert in K3; moreover PiOks = H1H2OK3 
'P1P2OK3 and P2CIK3 = HoHi^O^^ = P3P4OK3, therefore: 

• If = —1 or = 1 and N{ep^p2) = — 1 , then Lemmas [ 3 l H] and Theorem 
| 4 ] imply that 

I 212""^~2|>1, ifg = l, 

\ 212"+' ~ 2I:; 9^ 1 and 2l2"+= ~ ~ 1, if g = 2. 

• If = 1 and N{ep^p^) = 1 , then (7 = 1, and Lemma [ 5 ] yields that ViVo ~ 

Let us prove that 'Pi'P^O^^ = HiH^O^^ is principal. We know that N{s2pip2) — 

— 1 , so the decomposition uniqueness in Z[i] implies that there exist yi, y2 in Z[z] 
such that 

y/e2 = l[yi{l + i)-v/(l ±i)7ri7r3 + 1/2(1 - i )\/(1 T i)T^2T^i] (a) or 
= \[yi{l + i)\/ (1 ± i)7ri7r4 + 1/2(1 - i)a /(1 =F 0^2vr3] (b). 

Moreover the ideal H0H1H3 is principal in k, if and only if there exists a unit e G k 
such that 

( 1 + i) 7 ri 7 r 3 e = a^, ( 4 ) 

where a G k. As N{e2pip2) — ~li so Lemma [ 3 ] involves that Qk = 1 , the unit 
index of k; hence £ is either real or purely imaginary. 

Put a = ai + ia2, with ai, 0:2 G Q(v^ 2 pi^), and suppose e is real (same proof 
if it is purely imaginary); as 711713 = (e + 2 if){g + 2 ih) = {eg — 4 //i) + 2 i{eh + gf), 
so the equation ([1]) is equivalent to 

aj- 02 + 2iaia2 = £[{eg - 4 //j) - 2 {eh + fg)] + i£d[{eg - 4 :fh) + 2 {eh + gf% 
hence 

I a\-al = £[{eg - Afh)-2{eh +fg)], 

1 2aia2 = £[{eg - Afh)+ 2{eh +gf)], 
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SO we get a2 = 4/fe)+^2(efe+g/)] ^ 

4a\ - 4e[{eg - Afh) - 2{eh + fg)]al - [{eg - Afh) + 2{eh + fg)fe^ = 0 , 
the discriminant of this equation is A' = d = 2pip2, which implies that 
«i = |[2[(e5 - 4//i) - 2{eh + fg)] ± 2^/1]. 

Since 

(1 + i)7ri7r3 + (1 — *)vr27r4 = 2{eg — 4//i) — 4(e/i + fg) and 

Vd = ^/{l- z)7ri7r3,/(l + i)7r27r4, 

then 

«! = |(\/(1 - *)7ri7r3 + a/( 1 + z)7r27r4)2, so 

ai = (1 - i)7ri7r3 + a/( 1 + z)7r27r4), 

therefore if e = and -^/Fd takes the value (a), we get 

ai = ^( 2 yi 7 ri 7 r 3 + 21/2^2714 + (i/i(l + i) + 1/2(1 - 

and 

ed[(e£i - 4//i) + 2(e/i + gf)] 

=-’ 

and it is easy to see that ai, 02 G Q{y/ 2 pip 2 )', hence 'Hq'Hi'Hs is principal in k. 
Proceeding similarly, we prove that 'HoH 2 'H^ is principal in Ik if ^/Fd takes the value 
(b). Hence, in C/2(Ik), we have ^3 ~ T-LqT-Li or ~ ^0^2, this in turn shows 
that, in 0/2(11^3), ^1^3 ~ 'Ho'Hi'H 2 or T-LiT-Ls ~ T-Lq, as we know that T-Lq, 'H 1 H 2 
capitulate in K3, so the result. Thus 

0(2"+l -2'* 1 

Consequently, in CZ2(1K3), we have 

f ^711712^1, ifg = l, 

I 212"+^ ~ ^ 1 ^ ^2’"+! ^ if g = 2. 

To this end, note that for all i < n, j < m — 1 , we have as otherwise, 

we would have, by applying the norm ~ 1, which contradicts the 

results of Theorem HI 
Conclusion 
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If g = 1 , then ([ 21 ], [fp]) is a subgroup of 012(^3) of type ( 2 "*, 2 "'+^), and as in 
this case h(K3) = h{pip2)h{—pip2) = 2 "'+”*+^ (see Lemma[ 3 |), so 

C/ 2 (]K 3 ) = ([ 2 l],[q 3 ])~( 2 -+i, 2 ™). 

If (? = 2 , then ([ 21 ], [^]) is a subgroup of C/2(iK.3) of type 

and as in this case = 2h{pip2)h{-pip2) = 

2n+m+2 Lemma [ 3 ]), so 

ChiKs) = ([ 21 ], [^]) ~ 

As "Hi, Vi remain inert in Ka, so they do not capitulate and coincide in Ks, 
hence they are of order 2 . Thus from Theorem [J] and Lemma [ 5 ] we deduce that: 

• (k) ^ (S) ^ ^ ^i^PiP2) = -1> then 

212-^2--^ Pi 

• If = 1 and N{ep^p2) — t; then i^p_^ ~ 1 , thus 

~ /2 ~ Pi ~ Pi. 

Finally, from Lemma [6l we deduce the following remark 
Remark 1 . ( 1 ) Assume (7 = 1 , so 

(i) If (^) = -1 or (^) = 1 and ^ = - 1 , then n = 1 and m > 3 , 

thus €^2(^3) ~ ( 4 , 2 "*). 

(ii) If = 1 and (^) ~ f^en m = 2 and n > 2 , hence C/2(IK3) — 

( 4 , 2 "+i). 

( 2 ) If g = 2 , then 0^2(K3) ~ ( 4 , 2 "+ 2 ). 


This completes the proof of the second assertion. 

( 3 ) For the proof of the third assertion see [ 4 j. 

( 4 ) Computation of Gaplk^^^/k). 

Put L = lk2^\ the Hilbert 2 -class field of k. Let 


/L/KsN 




P J 


denote the Artin 


symbol for the normal extension L/IK3; hence it is clear that a = 

/L/KsN 


(¥) - 


r = 




21 / 


generate the abelian subgroup GapL/lKa) of G = Gal(L/lk). If we 
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put also p = 


L/k 


, then p restricts to the nontrivial automorphism of IKs/k, 


since is not norm from IKs/k; from which we deduce that 

G = Gal(L/k) = {p,T,a). 

{ 2n+m+2 if « = 1 

it, , 2; 

To continue, let us prove the following result. 


Lemma 8. In C/2(k), we have iVK3/ik;(^) ~ 

Proof. We choose a prime ideal IR in K3 such that [IR] = [^], this is always possible 
by Chebotarev’s theorem, hence 3 lik ~ .^K3/ik(^) IRiT’j ~ -^K3 /Fi(^) ^^e prime 
ideals in k and Fi respectively, thus NK,/F,m ~ I. As the 

extension Fi/ki is ramified and C^2(A:i) is generated by ii, we infer that the prime 
ideal Hki ^Fi/kii^Fi) ~ ^Fi/kiil) r\j 2^ with some integer i. This implies that 
2^V = ±(x^ ~PiP2y^)j which in turn shows that (^) = 1. 

We know that N^^/^{Ch{^z)) = ([^0], [^1^2]). So if iVK3/k(^) ~ ^0, then 
IRik ~ Ho (equivalence in C/2(k)); hence the prime ideal r = At]ij/A:o(t^ik) of ko is 
equivalent, in Cl2{ko), to 2 ~ PiP2- Therefore the equivalence r ~ 2 yields that 
2 r = ±(x^ — 2 pip 2 y‘^), where x, y are in Z; which shows that (|^) = 1 , this leads 
to the contradiction (^) = — 1 , since (^) = — 1 . We get the same contradiction if 
we suppose that ~ Ho'HiH2. Finally the equivalence A'K3/ik(^) ~ 1 can 

not occur since the order of a is strictly greater than 1. □ 


Therefore the following relations hold: 


[r,cj] = 1. 


P^ = 


L/k\ _ f L/k \ _ fL/Ks 


ni 


V^K3/Ik(^l 


rp ^rp = 


T ^p ^rp = r 


ap ^ap= 


)) V 

(§I 5 ) = 1’ : 

and [p, r] = r^. 

_ 

y^i+p) ■ 



^, so = 1. 

= AK3/ik(2t) ~ ^0 ~ 1 , thus [r,p] = 
since, in 0/2(11^3), we have 


~ h{H 2 ~ 


1, ifq = 1, 
^32"*, ifq = 2 , 


therefore [a, p] 


cr 2, if g = 1, 

(t2"‘-2 = a‘^, if q = 2 , since in this case m = 2 . 
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Suppose O' = 1, so 


- If 


= -1 or = 1 and N{ep^p^) = -1, then / = = 1 and 

p2 = 212"+^ ^ ^ 1 and ~ 


- If 
Til ~ 


= 1 and N{£p^p^) = 1, then = a^"" = 

2m-l 


= 1 and = cr^ 


since 




Suppose g = 2, so necessarily = —lor =1 and N{£p^p^) = — 1, then 

A nm + 1 071+2 ^ 

p^ = = 1 , 

nm on+1 

+ = 

,( 2"+2 


and p^ = 


since 2t^'“' - ~ _ 2 l 2 "qi 2 ” 


C/2(h^'^) 


( 5 ) As [r, fj] = 1 , [p, fj] = or (T ^ and [p, r] = r^, then the derived group of G 
is G' = (+,T^), therefore 

f (2™-\2") if g= 1, 

I = (^2 2”'~*"^) if g = 2 

(6) Finally, we compute the coclass of G. 

Let G be the group defined above. Then the lower central series of G is defined 
inductively by 71(G) = G and 7j+i(G) = [7i(G),G], that is the subgroup of G 
generated by the set {[0,6] = a~^b~^ab/a G 7i(G),6 G G}, so the coclass of G is 
defined to be cc(G) = h — c, where |G| =2^ and c = c(G) is the nilpotency class 
of G, that is the smallest integer satisfying 7c+i(G) = 1 . We easily get 
71(G) = G. 

72(G) = G' = (cr 2 ,+). 

73(G) = [G^G] = (u^+). 

Then Proposition [31(6) (see below) yields that 7^+1 (G) = [7j(G),G] = 

Suppose q = 1 , then if we put v = max(n, m — 1 ), we get 
7t;+2(G) = = (1) and 7„+i(G) = 7^ ( 1 ). As, in this case, 

I G 1= 2"+”^+2, so 


c(G) = u + 1 and cc(G) = n + m + l — u = 3 , 

in fact, from Lemma [6l we have m > 3 and n = 1 or m = 2 and n > 2 , so the first 
case implies that v = m — 1 and cc(G) = n + m + l — i; = 3 , whereas the second 
one yields that v = n and cc(G) = n + m + l — u = 3 . 

Suppose q = 2 , then if we put v = max(n + 1 , m), we get 
7t;+2(G) = = (1) and 7„+i(G) = 7^ ( 1 ). As, in this case. 
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I G 1= 2"+”^+3, so 

c{G) = V + 1 and cc{G) = n + m + 2 — v = ‘i, 

since in this case, from Lemma [6l m = 2 and n > 1 , thus v = n + 1 . 

4.2. Proof of Theorem [3l For this we need the following results which are easy 
to check. 


Proposition 3. Let G = {a, r, p) denote the group defined above, then 

'' ifq = l, 

if q = 2 . 

( 2 ) p-^Tp = T^\ 


(1) p ^ap = 


( 3 ) [p^,a] = [p^T] = l. 

( 4 ) {Tp)^ = pfi 

( 5 ) {uTpfi = {apf = I 


ifq = 1, 

p'^a^ ifq = 2 . 


(6) For all r £ IN, [p, and [p,a‘^''] = 


2'' + ! -n 1 

(y z/g = i, 

_2’'+l -r n 

cr ifq = 2. 


The proof of Theorem [ 3 ] consists of 3 parts. In the first part, we will compute 
for all 1 < j < 7 . In the second one, we will determine the 
capitulation kernels kKj and the types of CZ2(1K^4) and in the third one, we will 
determine the capitulation kernels kLj and the types of 0^2(IL4). It should be 
noted that if (^) = — 1 , then Propositions [H [ 2 ] imply that 

= ( l±i^ ( i±i 

\ TTl J \ '^3 

= - ( l±i ) ( 1 +i 
\ TTl J \ '^3 

4 . 2 . 1 . Norm class groups. Let us compute Nj = N^./j,^{Cl2{^j)), the results are 
summarized in the following table. Note that the left hand sides refer to the case 
= — 1 , while the right ones refer to the case ( — 'j = 1 . Put B = ((— 



Table 1: Norm class groups 


K,- 

N, for (Hi) = 1 

Nj for (Hi) = -1 

Ki 

\Ho'H 2 \) 

([Hi], [H2]) 

K2 

([■Hi], [■H2]) 

([HoHi], ]HoH2]) 

Ks 

([Ho], [H1H2]) 

([Ho], ]HiH2]) 
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K,- 

Nj for (^) = 1 

Nf for (a) = -1 

K4 

{[Ho], m2]), {]Ho],]Hi]) ifB = l 
([%], ]HoHi]), {]Hi], [H0H2]) if B = -1 

{]Hi], [B0B2]) ([Bo], [B2]) ii q = 1 
([Bo], [Bi]) ([B2], [BoBi]) if g = 2 

Ks 

{]H2], ]HoHi]), {]Hi], ]HoH2]) if B = 1 
([Bo 1 ,[B 2 ]), ((Bold^il) ifB = -l 

(]Bo], [B2]) ([Bi], [B0B2]) if g = 1 
([B2], [BoBi]) ([Bo], [Bi]) if g = 2 

Ks 

{]Hi], ]HoH2]), {]H2], ]HoHi]) if B = 1 
{]Ho],]Hi]), {]Ho],]H2]) ifB = -l 

(]Bo], [Bi]) ([B2], [BoBi]) if g = 1 
(]Bi], [B0B2]) ([Bo], [B2]) if g = 2 

K7 

{]Ho],]Hi]), ([Bo],[B 2 l) ifB = l 
{]Hi], ]HqH2]), {]U2], ]UoHi]) if B = -1 

([B2], [BoBi]) ([Bo], [Bi]) if g = 1 
([Bo], [B2]) ([Bi], [B0B2]) if g = 2 


To check the table entries we use Lemmas [21 [TJ Propositions [Tl[ 2 ] and the following 
results which are easy to prove. 


Lemma 9 . Let pi = p2 ^ 1 (mod 4) be primes. Put pi = 7ri7r2 and p2 = 713714, 
where ttj G Z[i], then 

(i) ff = / 1 = P 2 = 1 (mod 8), 

^ 71 - 2 / \'^ 4 ,J I = 5 (mods) 

(ii) 7 / (g) = 1. (s) = (g) = (a) = (a)- 

(.ii) If (g)=-1, then (g) = (a)=- (a) = - (a)- 

(■'') 7/ (a) = 1, then (igi) = (Tgi). 

M 7 f(a)=-i,tfe» (af)=-(w)- 


Compute Nj in a few cases. Keeping in mind that Hq, LLi and "^2 are unramified 
in Kj/k. 

Take first Ki = h{y/pi) = As iVi = {[H] € C/2(Ik)/ 

1}, so for j G {1, 2} we get 



Thus 


3 e|p 
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• If = - 1 , then [Hj] G Ni, hence Ni = {[Hi], 7 i 2 ])■ 

• If = 1 , then [Hj] ^ A^i, hence [H1H2] G Moreover, since = — 1 , 
then Ho 0 A^i; from which we deduce that [HqHi] and [H0H2] are in A^i, therefore 


m = {[HoHi],[HoH2 ]). 

Take an other example, 11^4 = Ik(yGriT3) = Ik(v^27r27r4). First prove that 
As 1 + i is unramified in both of Q(y^ 7 fi^)/Q (0 


\ TTl J y TT^ J 

cording to m Proposition 4 . 2 , p.ll 2 ] and Hilbert symbol properties we 
/ TTiVrsN _ / VTiTTaN _ / TTl 

\Ho )~ Vl + V “ Vl + V 


/ TTl-TTS \ _ 

I j - 

i), so ac- 
get 


/ 1 + f, 7 ri 7 r 3 \ 

V 1 + * J 


1 + 7 , 7 ri\ /I + i, 7 r 3 


1 +i J \ 1 +i 

On the other hand, the product formula implies, for j G { 1 , 2 }, that 
’l+z,7rj\ /l+z,7rj^ -p-j- l'l + i,Trj' 


1 + i 


TTi 


n 


'Pj^TTjj'Pj^l+i 


V 


= 1 : 


as V does not divide vTj and 1 + z, so ^ ^ = 1, which yields that 


1 + Z, TTj \ / 1 + Z, TTj 


TTi 


l + i 

This implies the result. 
Compute now A4. 


= 1, hence 


1 + ZjTTj 


1 + Z 


1 + ZjTTj 


TTi 


We have < 


Assume that 


27 r 2 7 r 4 

Ui 

TTITTZ 

Uo 

(s) 


TTlTTS \ _ ( 7T17T3 \ _ 

U2 


7 r 2 

_ f 27 r 27 r 4 ^ _ 
\ TTl 

= (l±i 

\ TTl 

= 1 . So 


i±i\ 

7^3 J 


ZE3 \ — 

172 ^ 

TTl 
772 


12 l 

773 

M \ — 

771 


771 


• If 

thus < 


(51)4 (w)* = (s) = ^ 


If 


f 1+^ \ / 1+^ \ _ 


\ 771 J \ 773 


= 1, theniV4 = ([iI^o],[^2]), 


If (W) (W) = -I’ 1^4 = {[H 2 ], [Horn]). 


pi 


If (^).(^). = (w) =1> then 7^2 0 iV4 and IHi G iV4; 
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hence 


If 

If 


f l±i^ f l±i' 

I TTl M TTS 

(1±1 ] (l±i 

I TTl / \ TTS 


1 , theniV4 = ([^o],[^i]), 

- 1 , then IV4 = ([^i], [^ 0 ^ 2 ]). 


Assume that = — 1 . So 

• Ifq = l, then hence 

I If M = 1 , thenIV4 = ([^o],[^2]), 

I If (fi) = - 1 , then iV 4 = ([^1], [^0^2]). 

• lfq = 2, then (fi) = - hence 

I If = 1, then N4 = {[^2], 

\ If (f|) = - 1 , then N4 = ([^0], [^1]). 

Proceeding similarly, we check the other table inputs. 


4 . 2 . 2 . Capitulation kernels k^. and Gal(Ik2 Let us compute the Galois 

groups Gj = Gal(]k2 the capitulation kernels kk^, G Nj and the types 

of C/2 (IKj). The results are summarized in the following tables. Note that the 

left hand sides refer to the case while the right ones refer to the case 

= 1 . Put B = (W) ’ ^ ~ inin(m, n + 1 ) and b = max(m + 1 , n + 2 ). 


Table 2: 


KKj 


for the case 



= 1 . 


% 

Gj 

KK,- 

kkj n Nj 

Cl2{^j) 

Ki 

(cT, rp, r^} 

iiniim) 

{[HiH2]) 

(2,2,2) 

K2 

G, p, B) 

{inoni],[HoH2]) 

{[H 1 H 2 ]) 

(2,2,2) 

q = 1 

Ks 

q = 2 

(d o-> 

{[Ho],['Hin 2 ]) 

mo]) 

No 

{[Ho]) 

(2m,2"+l) 

(2“,2'’) 

" II 

{T,p(T,a^) (t,p) 
{ar^Tp^a'^) {ar, p) 

{[Ho], ["^i]} 
{[Hi], ["^052]} 

Ni 

{[HoHi'H2]) 

(2,2,2) (2,4) 

5 = 1 
Ks 

5 = -1 

{ar^Tp^a'^) {ar, p) 
(r, per, 0-2 > (t,p) 

{[Hi], ["^052]} 

{[Ho], [Hi]) 

{['5o5i'52]> 

{[Ho]) 

(2,2,2) (2,4) 

5 = 1 
Ke 

5 = -1 

{aT,p,(7‘^) {(7T,Tp) 
{T,p,a^) {T,pa) 

{[H2],]HoHi]) 

{[Ho], [H 2 ]) 

{[H 0 H 1 H 2 ]) 

No 

{[Ho]) 

(2,2,2) (2,4) 

5 = 1 
Kt 

5 = -1 

(T,p,a^) (T,pa) 
(err, p, (j^) {<7T,Tp) 

{[H 0 UH 2 ]) 
{[H 2 ], [HoHi]) 

{[H 0 H 1 H 2 ]) 

(2,2,2) (2,4) 
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Table 3: 


Kjf . for the case 


(S) 


= - 1 . 


K 7 

Gj 


KKj n Nj 

CZ 2 (Kj) 

Ki 

(o', P) 


Ni 

(2,4) 

IK 2 

(o-, rp) 

{[HoHi],[HoH2 ]) 

N 2 

(2,4) 

q = 1 
IK 3 

q = 2 

(U o-> 

{['Ho], i'Hi'Ho]) 

([Ho]) 

N 3 

([Ho]) 

(4,2’") 

(4,2m+l) 

II II 

to 

(p, ra) (r, per, cr^} 
(r, p> {c7T,Tp,C7^) 

(["Hi], ['Ho'H 2 ]) (["Ho], ['Hi]) 
(["Ho], ["Hi]) (["Hi], ['Ho'H 2 ]) 

IV 4 

(['HoHi'H 2 ]) 

(2,4) (2,2,2) 

q = 1 
Ks 

q = 2 

(uPfr, 0 - 2 } (p, crr> 
{aT,Tp,a^) {t,p) 

(['Ho], ["Hi]) (['Hi], ['Ho'H 2 ]) 
(['Hi], ['Ho'H 2 ]) (['Ho], ['Hi]) 

(['HoHi'H 2 ]) 

(2,2,2) (2,4) 

q = 1 
Kg 

q = 2 

(up, 0-2) {aT,Tp) 
(P, o-T, 0-2) (r, per) 

(['Ho], ['H 2 ]) (['H 2 ], ['Ho'Hi]) 
([W 2 ],[HoHi]) ([Ho],[H 2 ]) 

IVa 

([H 0 H 1 W 2 ]) 

(2,2,2) (2,4) 

q = l 

IK 7 

q = 2 

{aT,Tp) {p,T,a^) 

(r,pa) (p,aT,(j'^) 

(['H 2 ], ['Ho'Hi]) (['Ho], ['H 2 ]) 
(['Ho], ['H 2 ]) (['H 2 ], ['Ho'Hi]) 

IV 7 

([■H 0 H 1 W 2 ]) 

(2,4) (2,2,2) 


Before proving these results, note that, from Tables [H [ 2 ] and [ 3 ] we get the fol¬ 
lowing remark: 

Remark 2 . Put B = and vr = (^). 

f = N2, = iVi if (^) = 1, 

1 = iV2 if (^) =-1. 

(2) Assume that (^) = 1 , so 

• If TT = 1 , then kk4 = N4, kk^ = N5, kk^ = Nq and kk^ = N7. 

• Else KK4 = ^7, K'K5 = K-Ke = ^5 and = N4. 


( 3 ) Assume that (^) = —1 and g = 1 , so 


KK4 


N4 ii TT = — 1 , 


Nj if TT = 1 . 


KK5 


Nq if TT = —1, 
if vr = 1. 


KKq = 


A^5 if TT = — 1 , 


Nq if TT = 1 . 


KK7 = 


Nj if vr = —1, 
A4 if vr = 1. 


( 4 ) Assume that (^) = —1 and q = 2 , so 


KK4 = 


A^4 if TT = — 1 , 


N7 if TT = 1 . 


KK5 = 


Nq if TT = — 1 , 
A5 if TT = 1 . 


KKe 


A^5 if TT = — 1 , 
Aig if TT = 1 . 


KK7 


Ay if TT = — 1 , 
A4 if TT = 1 . 
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To check the tables inputs, we use the following relations: 
a = 


T = 


P = 


L/K 3 \ 

( L/\ 

qj ) 

WlK3/k(^) 

L/K^\ 

( L/l, 

21 ) 

Wk 3 / 1 c( 21 ), 

L/k\ 


Hi )' 



L/k\ 


liWTJ “ »ecau.e iVK„,(a) ~ 


Recall that the Artin map (j) induces the following commutative diagram: 


CZ2(k) 


JKj /k 


ChiKj 


GjG 


the rows are isomorphisms and ^c/Gj '-GIG' —> GjjG'^ is the group transfer map 
(Verlagerung) which has the following simple characterization when Gj is of index 
2 in G. Let G = GjVJ zGj, then 

_ ( r<'\- I 9^~^9z.G'j = g^[g, z].G'^ if 5 G Gy, 

[ g^G'j lig^Gj. 

Thus kKj = kerjK./ik is determined by keiYc/Gj- 

(a) Consider the extension IKi; we know that G = {a, r, p) and, according to the 
table [H 

{[HoTii], [^0^2]) = (['^1^2], [^0^1]) if (^') = 1 , 

{[Hi], [H2]) = ([^1^2], [^1]) 

{a,Tp,G') = {o,Tp,T^) 

{a,p,G') = (o-,p,r 2 ) = {a,p) if ) = - 1 . 

This implies that G/Gi = (r) = { 1 ,tGi}; as 


Ni = 

Thus Gi = Gal(L/Ki) = 


if (a 1 = -1. 


if a = 1, 

, P2 


[Tp, cr] = [p, a] = 
So G'l = < 


if g = 1, 


2\ 


.-2™ 

+2 = u-2 

if 

if 

{^) = 

j 

if 

fe) = 



' (2,2,2) 

if 


and [rp, r^] = r^. 




( 2 , 4 ) 

Compute the kernel of Hqiq^. 


from which we deduce that 


if 


,S) 1' 

A =-i. 


since (rp)^ = p^ ^ G\. 














STRUCTURE OF G... 


23 


* Vg/Gi(tG') 

* ^G/GiipG') 
Consequently 

thus 


: a‘^\a,p\G'i = (T^(T “^G'l ou (t^G'i = G'^. 
r2G'i / G{. 

P^G[ = G[. 

kerVciGi = {(^G',pG'), 

«Ki = {\H1H2], \kLi]) = [^2])- 


(b) For K 2 , we proceed similarly, we get 

{a,p,T'^) if = 1, 


this implies that 


,P2 ^ 


G' = 


f {r\a^) 

if 1 

T) 

\ {^^) 

if 1 

(&) 


= 1 , 


from which we deduce that 


Gal(L/K2) = G2/G'2 


Thus 


f (2,2,2) 

if 

(s) 

( (2,4) 

if 

fe) 


* ^G/Gii^G') = a‘^[a,p]G 2 = a^cr "^G'^ or a^G '2 = G'^. 

* Vg/g 3 (tG') = r^G' + G'. 

* ^g/g,{pG') = P^[p,t]G '2 = T^G'2 ^ G'. 

* Vg/g,(tpG') = {TpfG'2 = p^G'2 = G'. 

Therefore 

kerYGIG2 = WG',TpG'), 

hence 

^K2 = (['^1^2], [^0^1]) = (['^0^1]) [^0^2])- 
(c) Take 1^4 = ]k(yTq^) and assume = 1 . We have to consider the 

following two cases: 


1®* case: Suppose that \n) ~ n = 1, m > 3, g = 1, N{£p^p^) 

1 and, from LemmaO = “1; this in turn has two sub-cases: 

(a) If then Table [U implies that 


TTs y 


iVK4/k(CZ2(K4)) = {[Ho], m). As (^) = (^) ' (^) = p-V, so 


\H2 J ~ \ ni J \n 1 n 2 J 
G 4 = Gal(L/K4/) = (r,p-V,G'). 
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On the other hand, in this sub-case we have p ^ap = a thus p = {pa) 
therefore 

G4 = Gal(L/]K4/) = {T,pa,a‘^). 

Since [per,fi^] = a'^, [per,r] = and [er,r^] = 1 , so G4 = (r^,(T‘^). From which we 
deduce that G4/G4 ~ ( 2 , 2 , 2 ), since (per)^ = p^ = \ Moreover G/G^ = (a), 

then: 

* Vg/g 4(^G') = er^G' ^ G'. 

* VG/G4(TG') = r 2 [r,eT]G' =G'. 

* yG/G^pG') = P^G', = G'4. 

Consequently 

kerVe/G, = {rG',pG’), 

and thus 

KK4 = {[H-o], [T~Li])- 

(/ 3 ) If = -1, similarly we get 

Ni = {[n^], [Honi]) = {[nonin2], [Honi]), 

thus 

G4 = Gal(L/]K4) = {aT,Tp,a‘^). 

As [rp,err] = [p,r][p,er] = {ar)'^ and [rp,er^] = er^, so G4 = ((err)^), since a^ = 
= (err)^. It is clear that (err)^, a^ and (rp)^ = p^ = (rer)^"* ^ are in G4; 
hence Gi^jG'^ ~ (2,2,2). 

Let us compute the kernel of ^gIG^- Since GjG^, = (er), then: 

* yG/G^G') = a-^G'^ / G'4. 

* yG/GM'rG') = (fjr)2[o-r,fj]G'4 = G'^. 

* yG/G^pG') = P^G'^ = G'4. 

This implies that 

kerWciGi = {pG',aTG'), 

hence 

^K2 = [^i^2^o]) = {[T~Lo'H2], [Hi]). 

- 2 ”^^ case: Suppose (w) ~ m = 2 , n > 2 and, from Lemma O 

= 1 . Similarly, there are two sub-cases to distinguish: 
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(a) If 
we deduce that 


i+i\ li±i 

TTi I \ ns 


= 1, then the tabled implies that A^4 = (['Ho], [Hi]), from which 


G4 = Gal(L/K4/) = {t,p,G’) = {T,p,a^y, 


9 9 9 9 9 "^ 

as p = (J or = (j T , so 

G4 = Gal(L/K 4 /) = (t,p). 

We know that [p,r] = r^, thus G'^ = (r^), this in turn yields that G/^jG'i^ ~ ( 2 , 4 ), 
since p^ = 1 . Moreover GjG^ = (a), so: 

* Vg/g4(^G') = / G'. 

* VG/G4(TG') = r2[r,a]G'4 = G'. 

V ^ - 2 r = a^G', = Gy if g = 1 , 

G/gAP P [pw] 4 I ^ ^ if ^ ^ 2; 

Gonsequently 

kerVc/G, = {rG',pG'), 

and thus 

RK4 = ([Ho], [Hi]). 


i/ 3 ) If 


hence 


l+i \ I 1+i \ _ 

TTi I \ ns 


= — 1, then we get 

iV4 = ([Hi], [H0H2]) = ([H1H2H0], [Hi]), 


As [p,crT] = [p,r][p,cr] = 


so G4 = 


G4 = Gal(L/K.4/) = {ar, p,a‘^ ,A) = {aT,p). 

(cft)^ if g = 1, 
o--2r2 if g = 2, 

((ar)2) if 5 = 1, 

(a-2r2) if 5 = 2. 

Moreover, as a~‘^A = = (ur)^’*'^"''’^, so G4 = Har/A, 

thus G4/G4 ~ ( 2 , 4 ). On the other hand, GjG/^ = (r), hence: 

* Vg/g 4(^G') = a^G' / G'. 

* Vg/g4(tG') = r^G' / G'. 

* ^g/gApG') = p'[p,r]G' = pV^G' = 

f ioT^G^ = G4 if O' = 1 , 

I t‘^G'^ = (T^r“^r^G4 = (T^r“^G4 = G4 if 5 = 2; 

since in the second case [q = 2) we have = 1, thus 
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* ^^g/gMtG') = (fTr)2[o-r,T]G^ = G'^. 

Therefore 

kerYciGi = {pG',crTG'), 

from which we deduce that 

KK4 = (['^ 1 ]) [^ 1 ^ 2 ^o]) = (['^ 0 ^ 2 ], 

Conclusion: Let K4 = Ik(^7ri7r3) and G 4 = Gal(L/K4). Then C/2(]K.4) is of type 
(2,2,2) if = —1, and of type (2,4) otherwise. Moreover 

(i) If = 1, then kerYoiG^ = k^G',pG') and = {[Hq], [Hi]). 

(ii) If = -1, then/cerVG'/G4 = {pG\(ttG'), and kk4 = ([^ 0^2], [^i])- 

Assume now that = “1- We have also two cases to distinguish: 

I®* case: Suppose (? = 1, so Lemma [6] yields that n = 1, m > 3. Then we need 
to consider two sub-cases: 

• If (s) = 1 . (w) (fj?) = 1. 

IV4 = ([^0], [H 2 ]) and G4 = Gal(L/K4/) = {T,pa,a^). 

So G4 = (r^jfj'^), which involves that G4/G4 ~ (2,2,2), since (pc)^ = p^ = 
^2^2"* Moreover G/G 4 = (a), then: 

* ^g/gA^G') = / G'. 

* VG/G4 (TG')=T 2[r,u]G'4 = G'. 

* Vg/g4(pG') = p^G' = G'4. 

Consequently 

kerYG/G4 = {rG^pG'), 

and thus 

'^K2 = ([^0], 

• If then ~ 

iV4 = {[Hi], [H 0 H 2 ]) = ([1I^0^1^2], [^1]), 

thus 

G4 = Gal(L/K4/) = (ctt,p). 

So G4 = {{aT)A, hence G^^jG'^ ~ (2,4). As G/G4 = (r), thus 

* VG/G4(f^G') = a^G' ^ G'. 
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* ^G/gA^^tG') = (crr)2[crr,cr]G'4 = 

* ^g/gApG') = = P^r^G', = G'. 

This implies that 

kerYc/Gi = {pG’,aTG’), 

hence 

KK 2 = ['Hi'H2'Ho]) = {[Ho'H2], [Hi])- 

Conclusion. Let 11^4 = Ik(^7ri7r3); assume that = —1 and g = 1 . If = “ 1 ; 
then CZ2(K4) is of type ( 2 , 4 ) and of type ( 2 , 2 , 2 ) otherwise. Moreover 

(i) If (fj) = 1 ) then kerYciG^ = {pG',tG') and kk^ = {[Ho], [Hi]). 

(ii) If = - 1 , then kerYciGi = {pG',aTG') and KK4 = ([^1], [^0^2])- 
2 "^^ case: Suppose q = 2 , so, according to Lemma [H n = 1 and m = 2 . Then we 
have two sub-cases to consider : 

• If = 1 ) then (^) ~ hence 

Na = {[H2], [HqHi]) and G4 = Gal(L/K4/) = (^xr, rp, u^). 

So G4 = {p^,aA, since = r^cr^; which implies that G^jG'^ ~ ( 2 , 2 , 2 ). Moreover 
GjG^ = (p), then: 

* Vg/G4(^G') = 7^ G'. 

* Vg/G4(tG') = r^G' / G'. 

* ^gigApG') = p'^G', = G'. 

* ^g/gA^'^G') = (crr) 2 [crr,p]G 4 = (crr) 2 (aT)"V^G 4 = G4. 

Consequently 

kerYciGA = {pG',(ttG'), 

thus 

'^K2 = ([^1]) ['^0^2])- 

• If then ~ ®™harly we get 

Na = {[Hi], [Ho]) and G4 = Gal(L/K4/) = (r,p). 

So G4 = (r^), hence GaIG'^ ~ ( 2 , 4 ). As G/G4 = {a), thus 

* Vg/g 4(^G') = a^G' 7^ G'4. 

* Vg/g4(tG') = r^G' = G'. 

* Vg/g4(pG') = p 2 [p,u]G '4 = P'<y-^G'A = G'. 
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This implies that 

= {pG\tG'), 

hence 


KK2 = ["^o])- 

Conclusion. Let K.4 = ]k(y'7fi^); assume that = —1 and q = 2 . Then 

0/2(11^4) is of type ( 2 , 4 ) if = ~ 1 ) and of type ( 2 , 2 , 2 ) otherwise. Moreover 

(i) If (f^) = -1, then kerVGIG4 = {pG', tG') and KK 4 = (["^o], 

(ii) Else kerYciGi = {pG'.arG') and KK 4 = {[Hi], [^0^2])- 
Proceeding similarly we show the other tables inputs. 


4 . 2 . 3 . Capitulation kernels and Gal(lk2^^/Lj). From the subsection 14 . 2.21 
we deduce that kLj = C/2(k). In what follows, we compute the Galois groups 

Gj = Z'hj), their derived groups Q'^ and the abelian type invariants of 

C/2(Lj). The results are summarized in the following tables; note that the left 
hand side of columns (if it exists) refers to the case (^^)(^^) = Ij the right hand 
side to the case (—)( — ) = —1. 


Put < 


a = min(n, m) and /3 = max(n + 1, m + 1), 
a = min(n, m — 1) and h = max(n + 1, m). 



Table 4: 


Invariants of Cl2[Lj) for the case 



= 1 


Lj 


Si 

G' 

C/2(L,) 

Li 


<T^a> 

(1) 

(2”, 2™) if 9 = 1 
(2“, 2'^) if 9 = 2 

L,2 

TT — —1 

(fTTp, CT^, r^) (r/ 9 ,fT^,T^) 


(2, 2, 2) 

TT — 1 

(tp,t^) (crrp, t^) 

Gb 

( 2 . 4 ) 

Ls 

TT — —1 

(rp, ((TTp, , T^) 

(-b-b 

(2, 2, 2) 

TT — 1 

(crrp, r^) (rp, r^) 

Gb 

( 2 . 4 ) 

L4 

TT — —1 

{crp, cr^, T^) 

(-b-b 

(2. 2, 2) 

TT — 1 

{P.r^) 

<p> 

( 2 . 4 ) 

L5 

TT — —1 


<-brb 

(2. 2, 2) 

TT — 1 

{PO-, 

(rb 

( 2 . 4 ) 

Le 

B ^ -1 

{(TT, (T^) 

(1) 

( ( 2 “, 2 b if 9=1 

1 (2, 2"+^) if 9 = 2 

f \2’”“b 2"'+b if 9 - 1 


B ^ 1 


(1) 

I (2, 2"-+^) if 9 = 2 
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Lj 



1 chi^p 1 

B ^ -1 

L7 

B = 1 

(err, (T^) 

(i> 

(1) 

1 

r 

(2"—\2"+b if g = 1 
(2, 2"+^) if g = 2 

1 (2“,2'>) if g= 1 

[ (2, 2"+^) if g = 2 


For the following table, the left hand side of columns (if it exists) refers to the 
case (^) = —1, the right hand side refers to the case (^) = 1. Recall that if 


(^) = —1, then n = 1 and 


m = 2 if q = 2, 
m>2 if g = 1 


Table 5 : 


Invariants of C/ 2 (Lj) for the case 



-1 


Lj 


6 .' 

c/2(Li) 

Li 


<1> 

(2", 2”) if g = 1 
(2'“,2’”+i) if g = 2 

L2 

(p. (per, CT^) 


( 2 . 4 ) 

L3 

(per, cr^i (p, cr^) 


( 2 . 4 ) 

g = 1 

L4 

g = 2 

{<7Tp, (T^ ) 

{t/?, 


( 2 . 4 ) 

g = 1 

L5 

g = 2 

{t/?, 

{tyrp, ) 


( 2 . 4 ) 

Le « = ' 
g = 2 

(err, r^) (r, cr^) 
(r, (T^) (err, cr^) 

<i> 

<i> 

(2,2™) ( 4 , 2 ™“b 

( 2 , 8 ) ( 4 , 4 ) 

L. « = 1 
g = 2 

(r, (T^) (err, cr^) 
(err, cr^) (r, a^) 

<i> 

<i> 

( 4 , 2 ™“b (2,2™) 

( 4 . 4 ) ( 2 , 8 ) 


Check the entries in some cases. 

* Take Li = kh) = IC 1 .IC 2 .IK 3 . Since Gal(L/Li) = ^1 = Gi n G 2 , then 
Qi = (fT,r/ 9 , r^) n (fj,/ 9 , r^) = (o', r^), thus G'l = (1). As 

if g = 1, 


om on+1 ^ 

=1 

1 , 2 ™ = ^2-+i ^ ^2"+2 iiq = 2, 


so C/ 2 (ki) 


(2^,2”^) ifg = l, 

^2^mm{n,m) ^ if ^ = 2 


* Take L2 = K1.IK4.IK6 and assume that (^) = 1 , then G2 = Gal(L/L2) = 
Gi n G4 n Ge. There are two cases to distinguish: 

= — 1 , then q = I and 

{a, TP, r^) n (o-r, p, r^) = {arp, if (^)(^) = 1, 



^2\ o ^ ^2\ _ ^2 ^2\ -f /'i+iuiii') _ 

{a, TP, r^) n (o-r, Tp, = {tp, a‘^,T‘^) if (^)(^) = -1, 
thus G 2 — other hand, as in this case {crTp)‘^ = (rp)^ = p^ = , 

so a 2 (k 2 ) ~ (2,2,2). 
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- case; If 

G2 = 


P2 \ _ / TTl \ _ 


{a, TP, T^) n (r, p, 0-2) = {rp, ,t‘^) 

{a, TP, r^) n (o-r, p, a^) = {aTp, ,t‘^) if (^)(^) = -1, 


as, in this case, [rpy = p^ and [cttpY = 




if (ii?)(W) = 1. 

2 ifg=l. 


p^a^ = a^T-^" if g = 2; 


so 02 = 


since if g = 2, we have cj^ = and p^ = a‘^T‘^", 

' {rp,r‘) it = 1, 

{prp.T) if (ijf )(-^) =-1, 

we infer that 02 = From which we deduce that 012 (^ 2 ) — (2,4), since 

{aTpY = {Tpf = 1. 


Assume now that (^) = —1, then 02 = 


f (Pio-^) 

if 

(»s) 

[ (pa, 0-2) 

if 

k) 


= 1 . 


Thus 02 = (cr^), hence C/2(L2) — ( 2 , 4 ). 

* Finally, we take Lg = IK3.IK4.IC7 and we assume that (^) = 1 , then Gal(L/L6) = 
06 = G3 Fl G4 n G7, which yields that 

{T,a) n {T,p,a^) = {T,a^) if (^)(^) = 1 , 

(r, a) n (o-r, p, = (ar, = (or, r^) if (1^)(^) = -1, 
therefore 00 = (1). 

(' 2"* 2"+f- 1 T 1 

= 1 if g = 1, 

^ and =1 if g = 2, 


06 = 


As 


so 


fj = T ana a = r 
- case: If g = 1, then C^ 2 (L 6 ) is of type 

{ ^2Fnin(n+l,m—1) ^ 2^~^) if _ 1 

^2Fnin(n,m—1) 2^^^('^+l)^)^ jf _ _2 

- 2’^'^ case: If g = 2, then m = 2, n > 2 and C/ 2 (L 6 ) is of type 

{ ^2iFiiFi(n+l,m—1) 2^^^('^+2,m+l)^ _ ^2 2^”*”^) if = 1 

^2FniFi(?ii?Ti—1) 2^^^('^+2,m+l)^ _ ^2 2^”*”^) if _ _1 

Assume that (^) = — 1 , so 
- 1®* case: If g = 1, then 0e = 

I 

therefore 0g = ( 1 ). So C/ 2 (L 6 ) — 


{Ta,T^) if(f^) = -l, 

if (t) = If 



if (El) = _1 

iTrg 1 f 


(4, 2”^-^ 

- 2'*'^ case: If g = 2, then m = 2, n = I and 06 = 


) if(t) = l, 


(r, cr^ 


if (El) = _1 

^ TTS ^ ’ 


(ra,r2) if (fi) = 1. 
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( 2 , 8 ) = ( 2 , 2 ^+ 2 ) 

( 4 ) 4 ) 

The other tables entries are checked similarly. 


Hence Cl 2 {l^ 6 ) — 


if (Ti) = _i 

if (^) = 1, 


5. Numerical examples 

Table [6] gives the structure of the class group C/(lk) of the bicyclic biquadratic 
field k = Q{y/ 2 pip 2 ,i), its discriminant (iisc(Ik), the structures of the class groups 

of its two quadratic subfields ko, /cq and the coclass of G = Gal(lk 2 V^)- Tables 
[7] and [8] give the structures of the class groups Cl{Kj). Tables P and flOl give the 
structures of the class groups Cl{L,j). Finally, Tables [IT] and W2\ give the structures 
of the class groups of Cl(Kj) and C/(Lj) for the case (^) = —1. Note that vr = (^) 

and b = (^)' made using PARI/GP [15] . 

Table 6: Invariants of k 


d = pi-P2-q 

9 

(—) 

m, n 

Chiko) 

Chiko) 

C/2 (Ik) 

disc(k.) 

cc{G) 

130 ^ 2.5.13 

2 

-1 

2 , 1 

(2,2) 

(2,2) 

(2, 2, 2) 

1081600 

3 

290 ^ 2.5.29 

1 

1 

2 , 2 

(2,2) 

(10.2) 

(10. 2. 2) 

5382400 

3 

370 = 2.5.37 

1 

-1 

3, 1 

(2,2) 

(6,2) 

(6,2,2) 

8761600 

3 

754 ^ 2.13.29 

1 

1 

3, 1 

(2,2) 

(10,2) 

(10,2,2) 

36385024 

3 

3922 = 2.53.37 

1 

1 

4, 1 

(2,2) 

(10,2) 

(10,2,2) 

984453376 

3 

4610 ^ 2.461.5 

2 

1 

2, 4 

(2,2) 

(26,2) 

(26, 2. 2) 

1360134400 

3 

5122 ^ 2.197.13 

1 

-1 

5, 1 

(2,2) 

(14,2) 

(14, 2, 2) 

1679032576 

3 

5410 ^ 2.5.541 

1 

1 

2, 3 

(2,2) 

(22, 2) 

(22, 2, 2) 

1873158400 

3 


Table 7: Invariants of K,- for the case ( — ) = I and (—) = —I 

J ^P2 ^ ^ TTa 2 


2 .pi.p2 

Q 

m, n 

C/(Ki) 

C/(IK2) 

C/(IK3) 

C/(K4) 

C/(K5) 

C/(K6) 

C/(IK7) 

2.5.269 

1 

3, 1 

(30, 10,2) 

(330,2,2) 

(120, 12) 

(30,2,2) 

(30,2,2) 

(30,2,2) 

(30.2.2) 

2.53.29 

1 

3. 1 

(78,2,2) 

(78,6,2) 

(104,4) 

(130,2,2) 

(26. 2. 2) 

(26. 2. 2) 

(130,2,2) 

2.5.389 

1 

3, 1 

(42, 14, 2) 

(462,2,2) 

(168,4) 

(42, 2, 2) 

(42,6,2) 

(42,6,2) 

(42, 2, 2) 

2.53.37 

1 

4, 1 

(30, 10,2) 

(30.2.2) 

(80.4) 

(10,2,2) 

(30,2,2) 

(30,2,2) 

(10,2,2) 

2.13.157 

1 

4, 1 

(26,26,2) 

(78,6,2) 

(208,4) 

(26. 2, 2) 

(26. 2. 2) 

(26, 2, 2) 

(26. 2. 2) 

2.13.269 

1 

4, 1 

(90, 10,2) 

(990,6,2) 

(720,4) 

(90,2,2) 

(90,2,2) 

(90,2,2) 

(90.2.2) 


Table 8: Invariants of K,- for the case (—) = I and ( —) = 1 

J ^ P2 ' '' TTs / 


d = 2.pi.p2 

9 

m, n 

C/(Ki) 

C/(K2) 

C/(K3) 

C/(K4) 

C/(K5) 

C/(K6) 

C/(IK7) 

4498 ^ 2.13.173 

1 

2 , 2 

(210, 2, 2) 

(42. 14, 2) 

(280,4) 

(28.2) 

(28.2) 

(28.2) 

(28.2) 

4610 ^ 2.461.5 

2 

2, 4 

(390,2,2) 

(234, 2, 2) 

(2496,4) 

(780,2) 

(260,2) 

(260,2) 

(780,2) 

5090 = 2.5.509 

2 

2 , 2 

(234, 2, 2) 

(390,2,2) 

(624, 4) 

(52.2) 

(156. 2) 

(156.2) 

(52.2) 

5410 ^ 2.541.5 

1 

2, 3 

(110,2,2) 

(22, 22, 2) 

(1584,4) 

(44. 2) 

(44. 2) 

(44. 2) 

(44.2) 

6322 ^ 2.29.109 

1 

2 , 2 

(90.6.2) 

(18,6,2) 

(504, 4) 

(180,2) 

(36.6) 

(36,6) 

(180.2) 

7090 = 2.709.5 

2 

2 , 2 

(130,2,2) 

(442, 2, 2) 

(1872,4) 

(52.2) 

(52.2) 

(52.2) 

(52.2) 
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Table 9: Invariants of hj for (^) = 1 and (^) = 1, m is always 2 


d 

q 

b 

n 

c;(Li) 

CJ(L2) 

C1(L3) 

C1(L4) 

CliU) 

Cl(Le) 

C1(L7) 

17090 

2 

-1 

2 

(9240,420) 

(4620,2) 

(4620, 2) 

(420,42) 

(420,42) I 

(1680,30) 

(1680,10) 

1586 

1 

1 

2 

(660,12) 

(220, 2) 

(132,6) 

(132,6) 

(132,6) 

(88,2) 

(88,2) 

2290 

1 

-1 

2 

(780,60) 

(260,2) 

(60, 10) 

(60,10) 

(60,10) 

(120,2) 

(120, 2) 

2626 

2 

1 

2 

(504,12) 

(252,6) 

(252,6) 

(36,6) 

(36,6) 

(144,6) 

(144,6) 

4610 

2 

1 

4 

(18720,12) 

(2340, 30) 

(2340,30) 

(780,30) 

(780,30) (12480,30) 

(12480,10) 

5410 

1 

-1 

3 

(3960,44) 

(44,22) 

(44, 22) 

(220,2) 

(220,2) 

(1584,2) 

(1584,2) 





Table 10: Invariants of Lj for ( 

= 1 and (^) = - 

P2 ' ^ TTa ^ 

-1 


d 

b 

m, 

n 

Cl(Li) 

C/(L2) 

C;(L3) 

c;(L4) 

Cl{U) 

C1(L6) 

C;(L7) 

1090 

1 

4, 

1 

(240,6) 

(30,6,2) 

(6,6,6) 

(6,6,6) 

(6,6,6) 

(24,12) 

(48,6) 

1490 

-1 

3, 

1 

(504,6) 

(126,6,2) 

(126,6,2) 

(18,6,6) 

(18,6,6) 

(72,2) 

(36,12) 

4082 

-1 

4, 

1 

(624,78) 

(26,26,2) 

(78,6,2) 

(78,6,2) 

(78,6,2) 

(208,2) 

(104,4) 

4706 

1 

3, 

1 

(6120,6) 

(306,6,2) 

(510,6,2) 

(510,6,2) 

(510,6,2) 

(204,4) 

(408,2) 

6994 

-1 

4, 

1 

(7920, 30) 

(90, 10,2) 

(990,6,2) 

(990,6,2) 

(990,6,2) 

(720,2) 

(360,4) 

7474 

-1 

5, 

1 

(43680,2) 

(78,6,2) 

(2730,2,2) 

(2730,2,2) 

(2730,2,2) 

(1248,6) 

(208,4) 


Table 11: Invariants of K, for the case ( —) = — 1 

J ^P2 


d = 2.pi.p2 

D 

TT 


C/(Ki) 

C/(K2) 

C/(K3) 

C/(K4) 

C/(K5) 

Cl{Ke) 

C/(K7) 

130 ^ 2.5.13 

2 

-1 

2 

(12,2) 

(4.2) 

(8.4) 

(4.2) 

(2, 2, 2) 

(2, 2, 2) 

(4.2) 

370 ^ 2.37.5 

1 

-1 

3 

(12,2) 

(60.2) 

(24.4) 

(12,2) 

(6.2.2) 

(6.2,2) 

(12.2) 

530 ^ 2.5.53 

2 

1 

2 

(84, 2) 

(84, 2) 

(56.4) 

(14, 2, 2) 

(28,2) 

(28.2) 

(14, 2, 2) 

1970 ^ 2.197.5 

2 

1 

2 

(260,2) 

(260,2) 

(312,12) 

(26, 2, 2) 

(52,2) 

(52.2) 

(26, 2, 2) 

2930 ^ 2.293.5 

1 

1 

3 

(252,2) 

(252,2) 

(56.4) 

(42, 2, 2) 

(28,2) 

(28.2) 

(42, 2, 2) 

3538 ^ 2.61.29 

1 

-1 

5 

(84, 2) 

(420,2) 

(224,4) 

(28.2) 

(14, 2, 2) 

(14, 2, 2) 

(28.2) 

5570 ^ 2.5.557 

1 

-1 

4 

(660,2) 

(180,6) 

(240,4) 

(60.2) 

(30,2,2) 

(30,2.2) 

(60.2) 

6130 ^ 2.5.613 

2 

-1 

2 

(1260,6) 

(180,2) 

(72,36) 

(36.2) 

(18,2,2) 

(18,2,2) 

(36.2) 


Table 12: Invariants of L,- for the case (^) = — 1 

J \p2-' 


d = 2.pi.p2 

n 

TT 


c;(Li) 

c;(L2 ) 

Ci(L3) 

C/(L4) 

Ci(L5) 

CliU) 

C/(L7) 

130 ^ 2.5.13 

2 

-1 

2 

(24, 2) 

(12.2) 

(12.2) 

(4.2) 

(4.2) 

(8.2) 

(4.4) 

370 ^ 2.5.37 

1 

-1 

3 

(120,2) 

(60.2) 

(12,2) 

(12,2) 

(12,2) 

(24. 2) 

(12,4) 

530 ^ 2.5.53 

2 

1 

2 

(168,6) 

(84. 2) 

(84, 2) 

(84, 2) 

(84. 2) 

(28,4) 

(56,2) 

1970 ^ 2.5.197 

2 

1 

2 

(1560,30) 

(260,2) 

(260,2) 

(260,2) 

(260,2) 

(156,12) 

(312,6) 

2930 ^ 2.293.5 

1 

1 

3 

(504,18) 

(252,6) 

(252,6) 

(252,6) 

(252,6) 

(84.12) 

(56,2) 

3538 ^ 2.29.61 

1 

-1 

5 

(3360,6) 

(420,2) 

(420,2) 

(84, 2) 

(84. 2) 

(224,2) 

(112, 4) 

5570 ^ 2.557.5 

1 

-1 

4 

(7920,6) 

(180,6) 

(660,2) 

(660,2) 

(660,2) 

(240,2) 

(120,4) 

6130 ^ 2.5.613 

2 

-1 

2 

(2520,90) 

(1260,6) 

(1260,6) 

(180,2) 

(180,2) 

(72,18) 

(36,36) 
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